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Machine Learning and Intelligent Systems

Maria A. Zuluaga

Introduction

What’s machine learning?
Learning from experience (data) to be able to: make predictions, find similarities, find patterns, discover
knowledge, etc. There are 3 types of learning:
e Supervised: learn from labeled data
0 Regression: continuous functions
0 Classification: separate data
e Unsupervised: no target or label

e Reinforcement: take actions to maximize rewards

PART I: Supervised Learning

To predict y using x without knowing the true relationship between them: y = f(x) € R.
Training set (input-output set): {(x;,y;),i =1,...,N}
Goal: finding a good predictor g such as y = g(x) = y for unseen (x,y) pairs.

CHAPTER 1: Linear Models for Regression (Week 1)

A linear regressor is a linear function of x: y = f(x,w) = wy + Yw;x; where w = {w;} are the parameters.
Model fitting: estimate the modal’s parameters y = g(x) = Wy + X;x;

We introduce a loss function to quantify how well/bad § approximates y, e.g. £(y,9) = (y — $)?

We use the loss function to compute average loss over all the data £, = %Z{’(y, y) and argmin L,
w

A discriminant interpretation: least squares
Optimization: Least squares is a method for estimating the unknown parameter w of a linear model by
minimizing the sum of the squares of the differences between the observed output y; and those predicted by

the model ¥;: argmin £,, = argmin%Z(yi —-9)? = argmin%Z(yi — (wo + Wlxi))z (Here x € RY).
w w w
Let’s introduce the matrix notation:
1 - X1D Wy V1
X=(: =~ i J,w=| i Jandy=| : | where N is the number of samples and D the dim of each x;.
1 o xND WD yN

Using those notations, we get argmin £,, = argmin%(y —Xw)T (y — Xw) and aai‘;” =0=>w=X"X)"1XTy.
w w

Predictions: now we can use estimated W to predict new values: ¥pew = XnewW where X,,.,, unseen data.
“All models are wrong, but some are useful.”

We can add polynomial features y = wy + wyx; + -+ + wyp,x™ and this is still considered to be linear model.
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A probabilistic interpretation: maximum likelihood estimation

Additive error model: y = f(x,w) + €, where the error €:
e (Can be positive or negative
e Is independent for each x

e (Can be modeled as a continuous random variable that follows a Gaussian distribution

)~N(0,02)

2
Density function of €: p(¢;) = \/%exp (_ Elz

20

T )
Density function of y: p(y;|x;; w, 02) = —— exp (— M) ~NwTx;,02)

2mo 202
Likelihood function: L(w, o) = [[p(y;|x;; w, 62) which is NOT a probability.

We maximize L(w,a) or log L(w, ) because it’s simpler.

1
£(w,0?) =logL(w,0) =log[[p(y;|x;;w,02) = -+ = =N logV2mo — ﬁZO’i —wlx;)?
TEEL— 0= W= (X"X)"'XTy and 2B = 0 = 6% = 2 (y — Xw)T (¥ — Xw)

Prediction: to predict new values, we use Vpew = E[Vnew | X; W, 0%] = W xp0,, -

o measures the degree of uncertainty of our prediction.

CHAPTER2: Linear Models for Classification (Week 2)

Probability Reminders:

1- Sampling from a Gaussian with mean m and the adding a constant C is the same as sampling from a
Gaussian with mean m + C.

2- Two random variables are independent if p(A = a,B = b) = p(4A = a)p(B = b).

3- Join probability: for two discrete random variables X and Y, P(X = x,Y = y) is the probability that
X has value x and Y has value y. For continuous random variables, p(x, y) is the join density function
(pdf).

4- Conditional probabilities: when variables are independent, we can work with conditioning:
p(yilx;;w,0?). Which allow to decompose join probability (or pdf): P(A4,B) = P(A|B)P(B) =
P(B|A)P(A) (and p(x,y) = p(x|y)p(y) = p(yIx)p(x)).

5- Conditional expectation: expectation is the average of a large number of independent realizations of
a random variable: E[x] = ¥, xP(x) = [ xp(x)dx. Conditional expectation: expected value of y given
x: Elylx] = [yp(yIx)dy.

6- Covariance: joint variability of two variables: cov(X,Y) = IE[X — IE[X]]IE[Y — IE[Y]] = E[XY] —
E[X]E[Y]

Classification
When the output is discrete, y represents labels or classes and we denote C the set of possible classes.
The main goal is to predict the class y = ¢ € C using x.
The input space is divided into decision regions whose boundaries are called decision boundaries.
So how to represent classes:
e Binary case: y € {0,1}
e Multiple classes: 1 — of — K coding scheme: y=(0 -« 1 .. 0)T
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Learning and Expected Loss

The new loss function in a K X K matrix with K = |C|

Our goal is to minimize E[L] = Y ijijp(x, Cx)dx by minimizing Yy Ly ;p(Ci|x)
Minimization problem: y(x) = argérgin 2k Lijp(Crlx) = argggin(l - p(C’C|x)) = arggax(p(é’dx))

Bayes classifier: we classify the most likely class using the conditional discrete distribution (the value of a
feature x; is independent of the value of any other feature xj;).
How does that work? (with an example from Wikipedia)
The goal is to compare, for a given sample x, p(Cy|x) = p(Cx|x1, ..., X,) for each class Cy.
Under the independence assumptions:
p(Cp|x) = p(Ci)p(x|Cy) _ p(Ci)p(x1|Cr) ... p(xp |C) _ p(Ci)p(x1|Cr) ... p (x| C)
p(x) 2k p(Cip(x|Cy) 2k P(Cr)p(xy|C) . D (x| C)
NB: the denominator is constant for a given sample x, so it can be ignored.

Example: classify whether a given person is a male or a female based on the measured features. Using a
Gaussian distribution assumption, we calculate mean and variance of every feature (height, weight, and foot

size) for every class (male and female) then test for a given x by comparing posterior male and female:
p(male)p(height|male)p(weight|male)p(foot size|male)

p(male|x) =

evidence
1 —(x1 — 1) 1 —(x2 — up)? 1 —(x3 — u3)?
0.5 x exp ( 1 ) X exp ( ) X exp ( )
\2mof 20f \2no} 205 \2mo? 203
evidence

Methods of classification
1. Linear regression

For a binary class problem: x € C; if (x) = 0 else x € C,.

Where y(x) = wy + ZJD=1 wix; = wlx
Figure: the decision surface (in red) is orthogonal to w and its displacement from

the origin is controlled by wy. If we consider an arbitrary point x = x; + r||W7|| =

T — T wiw . _yk) . . .
wix +wy=wix; +wy+ v and finally r = w18 the signed distance of x

from the decision surface.

For a K-class problem: each category is coded via an indicator variable y = (yy, ..., y¢)T. Given N the number

of total samples, we build the indicator response matrix ¥ of size N X K.
Algorithm:
e Fit a linear model for each column of Y.
e The weight matrix is given by W = (XTX)"*XTY of dimension (d + 1) x K (coefficient vector for each
response column yy).
o A new observation X,,,, is classified by:
0 Computing the fitted output f(Xpew) = XnewW (a K vector).
0 Predict the class corresponding to the highest score Y(Xpew) =

arg}r{nax f(xnew) .
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Decision boundaries: for any two classes j and k, the decision boundary is a (d — 1)-dimensional subset in
R? defined by the values of x satisfying whx = w]-Tx. We get a one-versus-one classifier with K(K —1)/2
boundaries.

This approach is problematic for K > 2 because we can get ambiguous regions in of the input space (figure).

2. Linear Discriminant Analysis
To use Bayes classifier, we have to estimate p(Ci|x). The LDA estimates p(x|Cy) and p(Cy) under two
assumptions:

e Data within each class is normally distributed: p(x|Cy) = N (1, Z).

e Each class has its own mean p;, but all classes share a common covariance matrix % € R%*¢,

1 1
— _Z _ Ty-1 —
Formulation:
e Bayes classifier: §(x) = argmax p(Cy|x) = argmax p(x|C;)p(Cy).
Kk k

TL'kN(ﬂk,Z)
p(x)
e We can then define the rule: y;54(x) = argmax m N (uy, L)
Kk

e Bayes theorem: p(Ci|x) = where p(x|C,) = N (U, Z) and p(Cy) = 1y

e Since log(—) is monotone, we can maximize 6&;(x) = logmN (U, Z) = xTE 1y — %ukZ‘luk +
log my, + constant.
In practice, we don’t know the Gaussian distribution parameters, but we can estimate them:

o M} = % : number of samples in each class divided by the total number of samples.
o U= Nikz x; : the mean value of each class
o I= ﬁZk Dyiek (i — By (x; — )T : the covariance matrix (we normalize by N — K to get unbiased
estimator).
Finally, 6,(x) = x"E7 [, — %ﬁgf_liik +log ), : linear in x, because it follows the form ay + bEx.
The decision boundary between two classes k and j is given by {x: 5, (x) = 8]- (x)}.

The Quadratic Discriminant Analysis removes the assumption of equal covariance among all classes, so the

decision boundaries are determined by quadratic functions.

3. Logistic Regression

Let’s introduce the log-odds of class k:

p(Cr|x) T 1 _ _
lo =log— — = (up + uR) T2 (g — pz) + xTE7 Ny — pz) = wo + wix
gp(cl_clx) g”i‘c > WMk k k k k k 0
So why not estimating w and wy directly rather than passing through fi, £ and #? — Logistic Regression.

p(C)p(xIC1) _ 1
p(COP(xIC)+p(CIp(x|C2)  1+exp(-a)
Finally, we have p(C;|x) = o(wy + wTx). Now our goal is to estimate w, and w.

p(C1)p(x|Cy)
p(C2)p(x|C2)

A binary class problem: p(C;|x) = = o(a) where a = log

Given a training set {(x;,¥;),i = 1, ..., N} where y; € {0,1}, we will use maximum likelihood to fit our model:
Lw) = [ [pGutxsw) = | [otwo +w27(1 = otwy +wrx) ™"
And the log-likelihood can be written:

Mokhles BOUZAIEN 4 29.01.2020



Machine Learning and Intelligent Systems — Fall 2019 EURECOM

2(w) =logL(w) = Z logp(yi|x;w) = Eyi loga(wy +wTx) + (1 — y) log(1 — o(wy + w'x))
= Z yi(wg + wlx) —log(1 + exp(wy + w'x))
Fitting and Predicting: the coefficients are estimated via Maximum Likelihood Estimation:
Wo, W = argmaxz y;(wo + wlx) —log(1 + exp(wy + w'x))
And given a new sample: ¥, 4reg (x)wz 1if wo+wlx > 0else0.

A multiple-class problem: K-class

We chose a base class, let’s say class K and we only need to specify the decision boundary between class j
and the base class K.

p(C1]%)
p(clldx) ~ W10 + wa ( T )
. _ exp Wk0+ka _ 1
© ) : , where p(C|x) = 1+3 Kt exp(wio+wlx) and p(Cx|x) = 1+3 K exp(wip+wlx)
|logE A1 1l o + Wh_gx
p(Ck|x) (K-1) -

Estimating W using Newton-Raphson algorithm
It’s an iterative algorithm used to find a zero of a function f, i.e. to find € such that f(8) = 0. So, we can

apply it to f = g—j’ to find a point where the log-likelihood is maximal.
f(6)
f'ey
We will minimize the cross-entropy error function: E(w) = —#(w) = =3, y;logy; + (1 — y;) log(1 — ¥;)
First derivative: V,, E(w) = Z—i = X (¥ — yi)x; (using the fact that Z—Z =0(1-o0))

9%E N o
o= 291 — P)xix]
Using matrix notations: dE = X7 (9 —y) and 0%2E = XTRX where R;; = $;(1 — 9;)
We get wew) = wlld — (XTRX)71X"(9 — y) = (X"RX)"'X"R (Xw©®D — R"1(9 - y)) = (X"RX)'X"Rz

The update rule is 8 « 6 — so we will have w « w — H™1V £(w).

Second derivative:

where z = Xw(©'® — R=1(§ — y) is an N-dimensional vector.

NB:
o At each iteration R and z change as they depend on w, we have to update them at each iteration.
o  We know that the algorithm converges as the function f is concave.
e Overshooting can occur.

e Computationally expensive due to the Hessian matrix.

CHAPTER 3: Optimization (Week 3)
Unconstrained optimization problem: minimize f(6), find 8* such as V0, f* = f(6*) < f(6).

We are assuming that f is differentiable.

e Analytically solvable. E.g. argmin(y — Xw)T(y — Xw) » w* = (XTX)"1XxTy.
w

e Using an iterative algorithm. E.g. w(™") = argmin(z — Xw)"R(z — Xw)
Can be descent: f(8%*1) < f(9®))

o f (9(")) converges but not necessarily to f*
0 Stop when reaching maximum number or iterations or when || Vf (9(k)) I< e
0 Non-heuristic: does not depend on
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Constrained optimization problem: minimize f(8) subject to g;(8) = ¢; and h;(0) = d;

Gradient-based methods
We assume that we have an unconstrained problem and f is continuous and convex.
Initialize 81 € R, and while || VF(8) 1> € do 8 « 8 — aVf(6).

CHAPTER 4: Neural Networks (Week 5)
The perceptron

Goal: find a separating hyperplane by minimizing the distance of misclassified points to the decision boundary.
Assumptions:
e Data is linearly separable

e Binary classification using labels y € {—1,1}

+1,a=0
-lLa<0
Patterns x, in C; will have w'x,, > 0 and patterns x,, in C, will have w”x,, < 0. Using the fact that y €

Formulation: y(x) = f(w”x) where f(a) = { and x = (’;i),w = ("Z")
{—1,1}, all patterns will satisfy w’x,y, > 0.
The error function, also called perceptron criterion, is given by: Ep(W) = — Y pear W! X, ¥, where M denotes
the set of all misclassified patterns.
Finding the weights: we apply the stochastic gradient decent algorithm to this function:
wktD = Wk — qVE, (W) = w® + ax,y,

At every step k, we have to check every misclassified pattern x, and update w®.

+ If data is linearly separable, then the perceptron guarantees a convergence to this solution.
— The number of steps to convergence might be large.

— The algorithm does not converge when data is not linearly separable (XOR function).

Neural Networks

Reminder
The linear models for regression and classification are based on linear combination of fixed nonlinear basis
functions ®;(x) and take the form y(x,w) = f (Z W]-CD]'(X)) where f(.) is a nonlinear activation function in

the case of classification and is the identity in the case of regression.

Goal: making the basis functions ®;(x) depend on parameters and allow these parameters to be adjusted
along with the coefficients {Wj} during training.

Feed-forward Network Functions: this is a series of functional transformations aka Multilayer Perceptron

Step 1: construct M linear combinations of the input variables x4, ..., xp in the form

_ (€Y D
a; = Ziwﬁ Xi + Wjp

Step 2: transform each activation using a differentiable, nonlinear activation function to give
z; = h(a;)
Step 3: these values are again linearly combined to give output unit activations

2 2
ax = Z ,ngj)zj + ngo)
j
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Step 4: the output unit activations are transformed using an activation function to give yj

We can combine these various stages to give the overall network function that takes the form

v (x,w) =a<z W"J)h<z (1)xi+Wj(01))+w,§f,)>

Thus, the neural network model is simply a nonlinear function from a set of input variables {x;} to a set of

output variables {y;} controlled by a vector w of adjustable parameters.

NB _ hidden units
e i(=1,..,D index of dimension of the input x 2
e j=1,..,M index of linear combinations (number of e

neurons in the first hidden layer) YK

e k=1,..,K index of linear combinations (number of

inputs : outputs

neurons in the output layer)
e (1) and (2) indicate the layer index
° ](l ) are weights and Wj(ol)

e Common activation functions: sigmoid o(a) =

are biases
1
1+e~®’

ReLu h(a) = max(0,a)

_aa

tanha =
3

The bias parameter can be absorbed into the set of weight parameters, so that the final function becomes
yk(xlw)=0-<z. OWk]h<Z, j(l) ))@y(x,w):f(ZW]cD](x)>
j= i= j

Network Training: Backpropagation

We introduce the error function E(w) = Y, E,(w) and we will try to estimate VE, (w).

Consider first a simple linear model 9, = X,; wy;X;, together with an error function that, for a particular input

pattern n, takes the form E, = lzk(ﬁnk — yar)?, where P = P (2, W).

) -
The gradient of this error function with respect to a weight wy; is ——= P (wﬂxm Yn j)xni = (ynj — Yn j)xni
Wji

which can be interpreted as an error signal ¥,; — yp; associated to the output end of the link wj; and the
variable x,;.

As we saw in feed-forward network, each unit computes a weighted sum of its inputs a; = }; wj;z; which is
then transformed by a nonlinear activation function h(.) to give the activation z; = h(a;) = h(Z; w;;z;).

Let’s consider the derivative of the E, with respect to a weight wj; for every input pattern n
aEn aEn aa] 6a]

= = j
aW]l aaj aWﬂ aW]l

= 6jzi

So, we have to calculate the value of §; for every hidden and output unit and then

apply the previous formula.

— For the output units 6§, = % =Yk — Ynk =V — Vr (we omit n to simplify
k
notations)

— For the hidden units §; = =Yk Zi" sz Yk 5;(6%]_(21- ijh(aj)) = h’(aj) 2k WO
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Error Backpropagation

1. Apply an input vector x, to the network and forward propagate using a; = %; w;;z; and z; = h(aj)
2. Evaluate the §; for all output units using 8, = 9, — Y&

3. Backpropagate the §’s using 6; = h’(a]-) 2k WijSk to obtain §; for each hidden unit in the network
4. Use % = §;z; to evaluate the required derivatives

Properties of MLP
e Universal Boolean functions: can compute any Boolean function (e.g. can implement XOR)
e  Universal classification functions:

e Universal approximators: can approximate continuous functions on compact subsets of R%

Summary on MLP
e Advantages
0 Very general, can be applied in many situations
0 Powerful according to theory
0 Efficient according to practice
e Drawbacks
0 Training is often slow

o0 Difficult choice of number of layers & neurons

CHAPTER 5: Relevant Machine Learning Topics — Part I (Week 7)

In this chapter, we will answer a few questions:
e  Will our models perform well on testing data?
e In the available training data enough?
e  Which model should be chosen?

Definitions
Generalization: ability of predictor to perform well on unseen data.

Model Selection: task of selecting a model from a set of candidate models given the data.

Bias-Variance Tradeoff

Training dataset T = {(x;,v;),i = 1, ..., N}: an i.i.d. drawn from some distribution P(X,Y)

Expected label: 7(x) = [ yp(y|x) 0y = Ey,[Y]

Machine learning algorithm A

Learning process: using T to learn a hypothesis (model/classifier). Formally: hy = A(T)

Expected classifier: h = Ey_pn[hs] = [ hy(x) Pr(T) 0T

Expected test error: Egyy)~p[(hr(x) — y)?] = [ [(hs(x) — y)? Pr(x,y) 0x0y

Expected test error of A: evaluates the quality of ML algorithm A with respect to data distribution P(X,Y)
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Egsyy-r[(hr () —)?] = f f f (hy () — y)? Pr(x, y) Pr(T) 0x9ydT

7~PN
Eyy7[(hr(x) = y)?] = Exgq [(hy(x) - ﬁ(x))z] + Exy [(F00) = )21 + Ex[R(x) - 700
e Variance: error caused from sensitivity to fluctuations in the training set. High variance can cause an
algorithm to model random noise in the training set, rather than the intended outputs: overfitting.
e Squared Bias: error caused by the simplifying assumptions built into the model (e.g. the approximation
of a nonlinear using a learning method for linear models): underfitting.
o Noise: this is the error associated to the data. No matter how good the model is, data will always

have certain amount of noise that cannot be removed.

Regularization
Large sensitivity can lead to poor performance of the model: ideally w should not be too large.
We introduce a regularizer to control the size of w: R(w) = Y w? or R(w) = Y |w;].

Now the predictor should also avoid being too sensitive using a regularization parameter A = 0

Lw) + AR(W) = Z 2, (s, xw) + Nz w?

argmm—(y Xw)T(y — Xw)+ wiw

Which gives w = (XTX + AI)"1XTy
When to use regularization?

e If D> N, so it’s impossible to invert XTX to get w = (XTX)"1XTy N /\
e To reduce variance: ridge regression shrinks to zero the size of the 9’ @ |
coefficients. : “i/
e To perform feature selection: Lasso can reduce variance and lead 4 . .
some weights to go to zero. \j
Validation

We split data into training data and testing data (e.g. 80/20 or 90/10) and apply the algorithm on the testing
data. The testing error should be worse than the training one but acceptable.

Overfitting occurs when the model fits the data very well = Failure to generalize.

Underfitting occurs when the model cannot capture the structure of data — High training error.

Regularization to avoid overfitting, but how to choose parameters introduced by regularization? Validation.

K-fold Cross-validation:

The data is divided into K folds (a common value K = 5).
Fit a model to all data except the k" fold.

Test on the k" fold.

Average error across folds.

AN o A

Use resulting average error of each model to judge.
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CHAPTER 6: Support Vector Machines (Week 8)
SVM is a decision machine that makes prediction like the perceptron. But SVMs aim to find the boundary

by maximizing the margin between classes.

margin

Goal:
maximize the margin width (the distance between the decision boundary and the nearest points of each class).

The location of this boundary is determined by a subset of data points, known as support vectors.

Some Linear Algebra
L: hyperplane defined by f(x) = wy + wix =0

1. For any two points x; and x, € L,wT (x; — x,) = 0 so w* = w/||lw|| is a vector normal to L

2. For any xy € L, wlxg = —w,
3. The signed distance between any point x to L is the projection of x —xy into the normal vector
* (o — -1 wTy— -1 - Y
W' G = xo) = o T = whxg) = . (e wo) = o5
Formalization

e Training data: {x;,y;} for i =1,...,N, x; € R? and y; € {—1,1}
e y; is the side of the perfect decision boundary the point x; is on
e Our model: $(x) = wlx + w,

e Correctly classified points: y;(wTx + wgy) > 0

e Distance of x; of the perfect boundary L: d(x;, L) =

Aim?

” m =L (wTx; + wy)

arg max {mln d(x;, L)} arg max {— mln[yi wTx; + WO)]}

W,Wo llwll
If a set of points satisfies wlx + wy = 0 for a given w and wy, then the same set of points will also satisfy
awTx + awy = wlx + Wy, = 0.
— The same boundary can be expressed in infinite ways.
We choose w and w, such that y;«(wTx; + wy) = 1, so d(x+, L) = m
All data points will satisfy y;(wlx; + wy) =1

Aim? Maximize — I ” or minimize ||w]|?
Putting all together,

1
argmin=||wl||? s.t.y;(Wlx; + wp) > 1
w,wq 2
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Lagrange multipliers

Maximizing f s.t.g(x,y) = ¢ means to find the level curve of f with greatest value intersecting the constraint
curve. At this point, the two curves are tangent.

Since Vf is perpendicular to its level curve and Vg is perpendicular to the constraint curve, we want points
where Vf = AVg.

Lagrange function L(x,y,4) = f(x,y) — 1g(x,y)

Solve VL(x,y,4) = 0 to find critical points which are candidates to be the max/min

Lagrange multipliers with multiple constraints
In general, if we want to minimize f(xq,..,%x,) =0s.t.g;(xq,...,x,) =0 for i =1,..,M, we introduce
L(X, ooy Xy Ay ey Ay) = F (X1, 0, X)) — 2 491 (X4, .., X)), and solve

VL(xll '"’xn, Al, '__,AM) — 0 o {Vf(xli ._.,xn) - Z Akvgk(xl, ...,xn) = 0
91(x1, e xp) = =gy (xqg, o x) =0

Using Lagrange multipliers to solve arg min % Iwll? s.t.y;(wlx; + wy) = 1
W,Wg
Lagrange function L(w,w,, &) = %llwll2 — Y a;{y;wTo(x;) + wy) — 1} where a = (ay, ..., a,)"

w = z a;y; P(x;)
VW,WOf = avw,wog <
0= z a;yi

Dual representation: ||w||? = ¥ _a;v;®(x;) X a;yi®(xj) =X X aiajyiyjcl)(xi)TCD(x]-)
For the second term: Y, a;{y;(WT @ (x;) + wy) — 1} = ¥ a;y;w @ (x;) + ¥ a;y;wy — X, @; and replace w.
Finally, f)(a) = Z a; — %Z Z aiajyiyjcb(xi)TCD(xj)

Constrained optimization should satisfy Karush—Kuhn—Tucker conditions:
1. a; =20 (a; > 0 then x; is a support vector, a; = 0 then x; is outside the margin)
2. ywld(x;) +wy) —1=0
3. a;(yy(w'@(x;) +wo) —1) =0

Optimal boundary:
1. solve max ) a; — %ZZ aiajyiyjcb(xi)T@(xj) s.t.a; = 0and Y a;y; =0
a
2. Compute w = Y, @;y;P(x;)
3. Compute wy using &;,(y; (W' ®(x;) +wp) — 1) = 0, if x; is a support vector y; (W ®(x;) +wy) — 1 =
0= wy =y; —wld(x;). It’s better to average wy = éz:ieé‘yi — Wl d(x;) where § = {i,a; > 0}.
4. Using the expression obtained for w, a new point can be classified using 9(X;ese) = W Xpese + Wo =

2 &iyifb(x,-)T D (Xest) + Wy whether it’s positive (Xiesr € C1) Or negative (Xies € Cy).
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CHAPTER 7: Kernels (Week 9)
SVM limitations: real data won’t probably be linearly separable.

Possible solution: transform the data.
Sometimes, the decision boundary is not linear but it may become if the set is projected in higher
dimension space.
Idea:
1. Define a transform ¢ from input space to feature space x - ¢(x)
2. Solve a linear problem in the feature space
3. This gives a non-linear classifier in the input space

This will lead to calculate ¢(x) for each sample which is not practical

Kernel: a function that can be expressed as a dot product in some feature space K(u,v) = ¢p(u)T ¢ (v)

Example: K (u,v) = (wv + ¢)? = (u?,V2cu, c)T(vz,\/zv, ¢) = p(W)Tp(v) where ¢:x > (x2,v2cx, c)

Given K, is there a ¢ implied by the kernel?

If (K (xl-,xj)) is a symmetric positive semi-defined matrix (zTKz > 0 for every non-zero vector z) then
1<i,j<n

K is a kernel (no need to compute ¢)

Back to dual objective problem: we solve max ), a; — %ZZ a;a;y;y;iK(x;, x;) and use Y @;y;K(x;, X¢est) + Wy
a

for prediction.

Example of kernels:
e d — th degree polynomial: K(u,v) = (1 + u.v)4
e Radial basis: K(u,v) = exp(—y|lu — v||?)
e Neural Network: K(u,v) = tanh(&; (u.v) + &)

SVM multi-class classification:
e 1 versus all: N classifiers
e 1 wversus 1: N(N —1)/2 classifiers

CHAPTER 8: Relevant Machine Learning Topics — Part II (Week 9)
A learning machine: given an input x predicts the output y = +1 using weights a.
The power of the model. Tradeoff between:

e Powerful model: more complex but can overfit

e Less powerful: not going to overfit but restricted in what I can model

Some terms & definitions
Probability of misclassification (test error): R(a) = E E (y — f(x, a))]

Fraction training set misclassified (training error): Remy, (@) = %Z% ly; — f(x;, @)]
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The Nasty Formula (aka VC dimension): to estimate the error of future data.

1 2N n
Pr{ R(a) < Repmp(a) + N[h(log7+ 1)—logZ] =1-n7

The VC dimension h is the maximum number of points that can be arranged so that f shatters them
(classify points within the 2V possibilities without training error).

We choose the model with minimum upper bound (high VC — more chance to overfit)

CHAPTER 9: Decision Trees (Week 10)

Motivation: K — NN classifier is time consuming because for every testing point it should calculate the
distance between this point and every labeled point. Can we improve it?
— Decision Trees: learning the simplest decision tree is an NP-complete problem, so we will use a greedy

approach: empty tree — split on next best feature — recurse — get a compact tree

Impurity functions
Greedy strategy: we keep splitting data to minimize an impurity function.
o Data S ={(x,y),y €{1,..,K}} where K is the number of classes

e 5. S S where S, ={(x;, ),y =k}soS=5U..USk
_Isil
sl

Gini impurity: G(S) = Yx (1 —pg). For K =2, G(S) = 2p(1 — p)
Kullback-Lieber Divergence (or Relative Entropy) to compare two probability distributions:

Pk
KL@li) = ) pelog™™
k q
For q = q; = %, KL (p||%) = = Y prlogpy +logK. So we look for mpin—Zpk log py
Algo:

— Compute the impurity function for every attribute

— Split the set S using the minimum impurity function attribute (greedy approach)
— Make a decision tree node containing that attribute

— Recurse on subsets with remaining

When stopping? All data points in the subset have the same input

There are no more features to consider for the split

Regression Trees
CART: Classification And Regression Trees. We have another impurity function: £(S) = ﬁzw)“(}’ — ¥y¢)?
where ys is the average y in S.

We can have overfitting problems if the size of the tree (number of nodes) is very high.

How to fix? Find simple trees, fixed depth/early stopping, etc.
Parametric vs. Non-Parametric Algorithms:

e Parametric: has a constant number of parameters, independent of the number of samples

e Non-Parametric: Scales as a function of the training samples (K — NN)
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What about decision trees?
e Parametric: if the tree depth is fixed or limited by a maximum

e Non-Parametric: if trained in full depth (0(log, n))

CHAPTERI10: Ensembles (Week 10)

Goal: reducing variance without increasing bias. How? Averaging.

Weak law of large numbers: %Zixi(x) - X asm — oo,

Apply that to classifiers:
1. m datasets available Dy, ..., D, drawn from P"
2. Train a classifier on each dataset and the average: h = ¥; hp,(x) - h(x)

The problem is that we can’t have m — oo (to have an infinite number of datasets)

Solutions:
Bagging (Bootstrap aggregating)
Take repeated bootstrap datasets from training set D: given a set D of size N, draw N sample with
replacement.
Algo:
1. Create k bootstrap samples Dy, ..., Dy
2. Train a classifier on each D;

3. Classify new instance by majority vote or average

+ easy to implement, reduce variance by keeping bias unchanged

— computationally more expensive, correlated training sets

Random Forest
Random Forests differ from Bagging in only one way: select a random subset of features at each split in the
learning process.
Algo:
1. Create k bootstrap samples Dy, ..., Dy
2. For each D;, train a full decision tree with slight modifications:
a. Before each split, randomly select k < d features without replacement.
b. Consider only these features for the split (increases variance of trees)

3. Classify new instance by majority vote or average
Tips

e Good choice for RF params: k = Vd and m as large as possible.

e Trees do not require preprocessing (different feature scales are ok)
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PART II: Unsupervised Learning

No targets or Labels: Clustering, Density Estimation, Dimensionality Reduction.
Set of N observations x; from a random d-vector X with joint density P(X) (vs. P(Y|X) in supervised).
Approaches:
e C(Clustering: determine whether P(X) can be represented by simpler densities representing distinct
types or classes of observation (K-mean, DBSCAN, Hierarchical Clustering).
e Dimensionality Reduction: determine whether variables can be considered as functions of a smaller
set of latent variables (Principal component analysis, self-organizing maps, autoencoders, principal

curves, multidimensional scaling).

CHAPTER 1: Clustering (week 12)
The task of grouping a set of objects in such a way that objects in the same group (a cluster) are more similar
(in some sense) to each other than to those in other groups (clusters).

Key Elements: Similarity Criteria, Number of Groups, Features

K-means
Formalization:
e Dataset D = {x;, ..., xy} where x,, € R
e Goal 1: partition the dataset into K clusters
o D-dimensional vector pu: a prototype associated to the k-th cluster.
e Goal 2: assign points to clusters and minimize the sum of square distances of each point to its closest

mean vector by introducing 1y, = 1 if x; € cluster k.

/= erikllxi —llk||2 = Z]k

DT

9]
=erik(xi_#k) =0=>p = S 1o
l

e

Algorithm

Initialize p;
Repeat

For each x;:

1,if k = argmin||x; — wl|
Tik = j
0, otherwise
For each py:

_ XTikXi

Hie XTik

Until y converges

Hierarchical Clustering

K-means requires to know K
Results from K-means depend on the initialization
Bottom-up Hierarchical Clustering

1. Start with each point in its own

2. Identify the two closest clusters. Merge.

3. Repeat until all points are in a single cluster "7 lacageerazsoonsegersenase
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Linkage: dissimilarity between two points/clusters (min, max, average)

At the beginning, each point represents a class, so the dissimilarity between classes is the distance between
two points. After that, we need to think about dissimilarities between sets.

Linkages Types: complete (max), single (min), average, centroid.

— The challenge: choice of similarity/dissimilarity measure (e.g. d, d?) and the linkage.

CHAPTER 2: Dimensionality Reduction (week 12)
Principal Component Analysis (PCA) can be defined as the orthogonal projection of the data onto a lower

Dimensional linear space.

Minimume-error formulation
Considering a complete orthonormal basis of vectors, i.e. {u;} where i = 1,...,D and uiT.u]- = 6;;
We can write x, = ¥ apu; = X (x5 u;)u;
Goal: approximate each data point using a representation involving a restricted number M < D of variables.
So X, = ¥M . ziu; + 3P 441 bity, where {z,,;} depend on the point and {b;} are the same for all data points.
Zy; = xF.u; and b; = XT.u; are the optimum values.

1

1 ~ _ 2 1 _
Loss: L(a) = = Xllx, — Xpll? = NZLlZiD:MH(xE.ui —xTw;) =Xy ul.S.u; where S = <200, — %) (n —

_\T . .
X) : covariance matrix.

Algo:

Standardize data (mean to 0 and variance to 1)
Get the covariance matrix S

Compute eigenvectors and eigenvalues of S
Decreasingly sort eigenvalues

Compute new features X. 6

S ok w o

Drop useless values
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