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Advanced Statistical Inference
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Lecturel: Introduction

Recap on linear algebra & probability theory.

Lecture 2: Bayesian Linear Regression
Preliminaries
Probabilities
Sum rule: p(x) = [ p(x,y)dy
Product rule: p(x,y) = p(x|y)p(y) = p(ylx)p(x)
Expectations
Discrete: ¥ = E,x)(x) = X xp(x)
Continuous: ¥ = Ep(x) = [xp(x)dx. In general, E,o[f ()] = [ f(x)p(x)dx
Mean and Covariance:
p = Eplx]
o= IIE:p(x) [(x — .u)z]
cov(x) = Epe[(x — 1) (x = )] = Epgy[xx] — ppt
The Gaussian Distribution
Pl 0%) = = exp{~ 5z (v~ w2}
The Multivariate Gaussian Distribution

1 1 _
pWlpw 2) = N(@|p 2) where N (W|p, 2) = =577 exp {—5(17 -wW'Et(w - ﬂ)}

The eigenvalues of the covariance give us the alignment of the distribution.

T

Loss Minimization in Linear Regression

Linear Models for Regression: f(x) = Y w;¢;(x) = w! ¢(x)

It is a linear model because the parameters appear in a linear way, not because of the linear basis functions.
Quadratic loss function: £ = Y.(y; —wTx;)? = ||y — Xw||?. Solution: V,,L = 0=>w = (XTX)"1XTy
Probabilistic Interpretation of Loss: minimizing the quadratic loss is equivalent to minimizing the Gaussian

likelihood function exp(—yL) = exp(—y|ly — Xw||?) «« (y|Xw, %)

Model Selection
Loss minimization/likelihood maximization is not sufficient to select the best model because we can have
generalization problems due to overfitting.

Cross-validation: evaluate models on randomly picked data using validation loss or validation log-likelihood.
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Bayesian Inference

Model parameters are considered as probability distributions. Going from p(w) to p(w|X,y).
. __p(IX;wpmw)  _ p(¥IX, W)pw)
Bayes rule: p(w|X,y) = TPIX, Wypwaw — p(yX)

Posterior density p(w|X, y): the distribution over parameters after observing the data.

Likelihood p(y|X,w): measure of fitness.
Prior density p(w): anything we know about parameters before we see any data.

Marginal likelihood p(y|X): normalization constant.

EURECOM

When can we compute the posterior? When the multiplication results is a posterior of same type of density

as the prior.

Why it is important? Because we do not have to calculate p(y|X) because we know the form of p(w|X,y).

Finding posterior parameters

The posterior must be Gaussian:
1 1
p(W|X,y,a?) o exp {— 5 w-—w'zt(w- u)} o exp {— 5 wl'z=lw — ZWTZ‘lu)}
On the other hand, we multiply the likelihood and the prior:
1 1
p(yIX,w)p(w) «x exp {— 252~ xw) (y - XW)} exp {— EWTS*W}

1 1 2
o exp {— > (WT [;XTX + S‘l] w— ;wTXTy)}

We extract parameters:
Covariance: X = (%XTX + S'l)

Mean: p = ﬁZXTy

Introducing basis functions
We replace X of size (N,D) by ¢(X) of size (N,D") (expending or compressing the features).

L -1
Covariance: X = (; ¢TP+ S_l)

Mean: p = %Zd)Ty

Prediction: p(y.|X, ¥, x.,62) = N (y.|p(x.) 1, 0% + p(x)TEp(x.))

Lecture 3: Gaussian Processes
Introduction
How to choose which basis functions (polynomials, trigonometric, etc.) to use?

Gaussian Processes learn a probabilistic combination of an infinite set of basis functions.

Weight Space View
Recap:

Modeling observations as noisy realizations of a linear combination of features p(y|lw, X,d2) = N (Xw, ¢2I).

Gaussian prior over model parameters: p(w) = N (0, S).

BLR as a Kernel Machine
Working with ¥(.) costs 0(D?) storage and 0(D3) time
Working with k(.,.) costs O(N?) storage and O(N3) time
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We can pick k(.,.) so that ¥(.) is infinite dimensional.

T
[lx=="]

kG = exp (20 = @) pe) where p(@) = exp (-X) (10,5,

2
When working with a kernel, we are implicitly working with a finite number of basis functions.

Using Woodbury identity, we can write:
1 -1
Y= (—02 TP + S'l) =S5 —S®T (0%l + PSPT) 1S

We can rewrite the variance:
0? + ¢pIxp, = 0% + ISP, — pISOPT (621 + PSPT) ' ®SP, = 02 + k., — kI (o] + K) 'k,

We can also rewrite the mean by applying Woodbury identity twice (no thanks!).
¢Iu=-=pIS®T (6?1 + PS®T) 't = kT (oI + K)™ 't
Where
P(x) = $2¢p(x)
Koo = k(x,x.) = P P(x,)
(k)i = k(x,, x;) = p(x)"P(x;)
(K)ij = k(x, %) = P(x) (%))

¢ is a D by infinite matrix.

Function Space View
We will consider an infinite number of random variables f(x) indexed by x. The covariance of those variables
is an infinite by infinite zero matrix except on the diagonal where we have the variance of each variable.
k(x,x") = aexp(—pllx —x'[I*)

Using the distance kernel we can impose nearby variables to have high covariance.
And the we select N variables by selecting the corresponding rows and columns from the covariance matrix.

Marginal distribution f = (f(xl), ...,f(xN))T is p(f1X) = M(0,K)

Conditional distribution of f, given f is p(f.|f, x,, X) = N (m, 5%)

Where m= kIK_lf
52=k,, —kTK 'k,

(posterior and prediction part is missing)

Lecture 4: Bayesian Classification

Classification algorithms:
e Probabilistic: Bayes classifier, Logistic regression.
e Non-probabilistic: K-nearest neighbors, Support Vector Machines.
e Many others ...

Probabilistic classifiers produce a probability of class membership: P(tpew = K|Xnew, X, t)

Non-probabilistic classifiers produce a hard assignment, e.g. tpep = 1 o1 tpen = 0.

Probabilities provide us with more information: P(t,e, = 1) = 0.6 is more useful than t,., = 1.

This is very important when misclassification cost is high and imbalanced (diseased/healthy person).

Logistic Regression

We can apply a logistic function h(.) To f(Xpew; W) = Wl Xpe to squash it between 0 and 1.
1

We get P(tnew = klXnew, X,t) = h(f Ctpew; w)) = h(WTxpey) =

1+exp(—wTxpew)
Defining a prior: p(w) = [[5., V' (0,02)
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Defining a likelihood:
Assume independence: the noises of observations are independent: p(t, X, w) = [[p(t,|x,, w)
For a binary classification: P(t, = 0|x,,w) =1 —P(t,, = 1|lx,w) =1 — h(wTx,)

pEIXwipw) _ _ p(tIX,w)p(w)
p(t|X) J p(tIX,w)p(w)dw

We can compute p(t|X,w)p(w) = gw, X, t)

Posterior: p(w|X,t,02) =

n
(can’t calculate the integral f(1+2xp) )

We have then three options:
1. Find the most likely value of w
2. Approximate p(w|X, t)
3. Sample from p(w|X,t)

MAP estimate

gw, X, t) x p(w|X,t). So, if W maximizes g it also maximizes the prior (gradient descent).
Once we have W, we make prediction with h(W7xp,,,)

We get a linear boundary (linear model): hA(WT x,6,,) = 0.5 © wTx0, = 0.

We can approximate p(w|X, t) with a Gaussian q(w|X,t) = N (u, Z), where:

e u=1Ww=argmaxlogg (argmaxp should be a good approximation of the Gaussian mean)
P d%logg
owowT

Prediction: P(tpew = 1%new, X, ) = Ep(us)(P(tnew = LXnew, w)) = [ N (1, 2)

. (if g is Gaussian, we get directly the covariance matrix)

1
1+exp(—wTxpew)

dw (still can’t

calculate this integral).

The solution is to sample (we know how to sample from Gaussian) and then average.
1

Draw S samples {wy, ..., wg} from the distribution: Ejp (, 5 (P(tnew = 1lXnew, w)) = izm

n

2

T

oo
T S R A R R TR S
—r R o o - O 2

o

Bayesian Classifier

P(Xnew|tnew = K, X, t)P(tnew=k)

ZP('x'l'lEW“:TleW = j’ X' t)P(tTl€W=j)

e Likelihood P(Xpew|tnew = k, X, t): how likely to observe xpe, if it’s in class k? We can choose this

Based on Bayes rule: P(tyen = k|X, t, Xpen) =

distribution as we like depending on our data (Gaussian, binomial likelihood) — Training data with
t = k is used to determine params of likelihood for class k (e.g. mean and covariance).
e Prior P(tpe, = k): this is not related to data (there is no X,y ).
0 There are fewer instances of class k = 0 means P(tye = 0) < P(tpew = 1).
0 No prior preference means P(tyey = 0) = P(tpew = 1).

0 Class 0 is very rare means P(tye, = 0) K P(tpew = 1).

Naive-Bayes
We add the assumption that all features of x are independent.
p(x) = p(xglxg—1, 0, X)P(Xg-1|%g—2, s X1) . D(x1) = P(x)P(Xg-1) ... D (1)
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Stepl: fitting the class-conditional densities, i.e. find features’ means and variances for each class.

Step2: evaluate densities at test point.
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Performance Evaluation

0/1 loss

proportion of times classifier is wrong. Mean loss is defined as %Z 6(ty, # ty)

+ Used for binary or multiclass classification.
+ Simple to compute and give a single value.

— Does not consider class imbalance

Sensitivity and specificity

True/False Negatives/Positives: true means correctly classified, and positives refer to class 1.

TP . . o .
TPiEN (proportion of diseased classified as diseased).
_ TN
"~ TN+FP

We would like both to be as high as possible

Sensitivity S, =

Specificity S, (proportion of healthy classified as healthy).

ROC Analysis

The Receiver Operating Characteristic curve shows how S, and 1— S, vary as the
" threshold changes.

03 We can quantify the performance by computing the area under the ROC curve
s e o (AUC).

Confusion Matrix

True Class
1 0
. 1 TP FP
Predicted Class
0 FN TN

Lecture 5: Variational Inference

The aim of this part is to approximate the posterior p(w|X, t)
1- Introduce q(w)

For simplicity q(w) = [1q(w;) = [1NV (w;|w;, 0?) (it’s a choice and other alternatives can be used).
2- Distance between q(w) and p(w|X, t)

A possible distance can be KLIq(w) [pw1X, 0] = Eq [10g 5705 55| = Eqn 10gaW)] — Eq logpwiX, 0]

This is not a distance! Not symmetric! Does not satisfy triangular equality.
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The second term is problematic because the posterior is intractable.
After rearranging: logp(¢|X) — KL[qgW)llp(w|X, 8)] = Eqwy[log p(tlw, X)] — KL[q(W)llp(w)]
We maximize the objective = Eg,[log p(t|w, X)] — KL[g(W)||[p(w)] wrt q(w), i.e. change q params.
3- Optimization
2 2 2
If p(w) = [V (w0, 52) we obtain KLlg@)lp®)] =33 [log% — 1+ % + 4]
Eqwllogp(tlw, X)] = [ q(w) logp(t|w, X) dw ~ Ningff log p(t|w™, X) where W™ are sampled from q(w)
such that (ﬁ?'(h))i = u; + €;0;.
Now we maximize objective = NLZI,Y:Mf log p(tlw(h),X) — KL[g(w)|lp(w)] with gradient-based optimization.
McC
at

> vaar(ob]ectlve); ar— 0

vapr’ = vpar +

Lecture 6: Bayesian Unsupervised Learning

K-means

Each cluster is defined by a position in the input space g = [Ur1, ti2]” -
Each x,, is assigned to its closest cluster.

Euclidean distance is usually used: d,;, = (x,, — )T (x, — tg)

There is no analytical solution, so we use an iterative algorithm:
1. Randomly pick uq, ..., ug
Assign each x,, to the closest yy

Define z,, = 1 if x,, is assigned to py
_ Y ZnkXn

2

3

4. Update yy to the average of x,,’s py, = Sz
nk

)

Return to 2 until assignment do not change

Kernelizing K-means

T
dnge = (e — )" (X0 — i) = (xn -2 anx"> (xn 2 an"")

Z Znk Z Znk
1 T 1
= (xn — Ny Z anxn) (xn — N Z anxn)
— T -1 T -2 T
= XpXn — ZNk Z ZmkXmXn T Nk Z lzmkzlkxmxl
m m,

= k(xn: xn) - ZNk_1 Z kak(xn' xm) + Nk_2 Z lkaZlkk(xm' xl)
m m,

Algorithm:
1. Choose a kernel and any necessary params
2. Start with random assignments z,
3. For each x, assign it to the nearest center using the new distance
4. Return to 3 until assignment do not change

Mixture Models

Can we hypothesis a function that could have generated the data?



